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Let (ai) with a, > 2 be an infinite bounded sequence of positive integers, and 
d, = 1, di = +l for i = 2,3 ,... Let (Q,t be another sequence defined by the 
recursion Q, = 1, Qi = ai-, Qf_, for i = 2, 3 ,..., where k > 2 an integer. Put C,(a) = 
x’??=, diQ;‘. In this paper we shall determine the simple continued fraction 
expansion for the real numbers C,(a). 
A. Schinzel reported on a result of M. KmoSek concerning the continued 
fraction expansion for the numbers defined by the series 
in 1979 in Oberwolfach on the meeting “Diophantische Approximationen.” 
Here d, = 1, di = f 1 for i = 2, 3 ,..., Q, = 1, Qi = a,-r Qf-, for i = 2, 3 ,..., 
and ai are positive integers with sup ai < co. 
From his result follows that the Fredholm numbers of the second kind, 
defined by the series 
Fr,(m) = f wZk 
k=O 
(m 2 2 an integer), 
have bounded partial quotients. 
The simple continued fraction for the Fredholm numbers of the second 
kind has also been determined independently by Shallit [5]. In fact he 
discussed the nature of the partial quotients as well. 
Let {a,}, with a, > 2 be an infinite sequence of positive integers, and 
d, = 1, di = k 1 for i = 2, 3 ,... . Let { Qi} be defined by the recursion Q, = 1, 
Qi = a,-, Qf-, for i = 2, 3 ,..., where k > 2 an integer. 
Put 
C,(a, u) = 5 die;’ 
i=l 
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and 
C,(a) = i-2 C,(a, u) = f' diQ;'. 
i=l 
In this paper we shall obtain the simple continued fraction expansion for 
the rational numbers C,(a, u) for any U, and this gives us the expansion for 
C,(a). In proving it, we shall use the generalization of the method of Shallit.’ 
In [4] it is shown that C,(a) are transcendental numbers for any k > 2. 
For k > 2, they have unbounded partial denominators, whereas C,(a) have 
bounded partial denominators, as has been proved by Shallit [5] and 
Kmoiek [3]. 
Before proving our theorem let me call attention to a consequence of the 
result of Kmogek and Shallit in the nonlinear diophantine approximation. 
From their theorem it follows that for any integer K > 2 there exists an 
infinite bounded sequence (bi} such that the sequence {qi}, where 
40=~,,q,=l+~,~,,qn=~,4n-1+4n-z for n = 2, 3,... 
contains infinitely many exact Kth powers. In fact, these sequences are the 
partial denominators of I;r,(mK), where m > 2 is an integer. 
Therefore, for any integer K > 2 there exist real numbers n, such that the 
inequality 
Iq”a-p( <q-K (1) 
has infinitely many integer solutions in p and q. 
It is well known (see [6]), that the measure of the set of real numbers a, 
for which (1) has infinitely many integer solutions p, q, is 0, so the above 
mentioned result is a little surprising. 
PROPERTIES OF CONTINUED FRACTIONS 
First of all we recall some elementary properties of continued fractions, 
which are well known and easily proved, for example, see [ 11. 
CFl. Let pJq, = [a,,; a,,..., a,] be a simple continued fraction. Then 
P-l=1,P,=a,,P,=a,P,-,+P”-,, for it = 1, 2,..., 
4-1=o,q,= Lqn=an4n-1 +4n-2, for n = 1, 2,... . 
’ Recently KGhler [2] proved another generalization of the result of Shallit and KmoSek. 
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CF2. qn pn-, - p,q,-, = (-1)” for n > 0. This means that the 
convergents p,/q, are always in lowest terms. 
CF3. The simple continued fraction for a real number is unique, except 
when x is a rational number and u, > 2; then 
x = [a,; a, )..., a,] = [a,; a, )..., a, - 1, I] 
CF4. Ifpn/qn= [ao;~l,...,a,] then ~u,;u,~,,...,u,] =q,Jq,-,. 
CF5. If pn/qn = [a,; a, ,..., a,] and r&, = [b,; b, ,..., b,] then 
[ a, ; a, ,..., a,. b,, b, ,..., &,I = (P~-A, + p,rJ(q,-,s, +q,r,). 
If r = [a, ; a, )...) a,] for the rational number r, then n will be called the 
length of r. 
In a simple continued fraction 0 is not allowed to be a partial quotient 
except as qo. In many cases, however it is convenient to allow this. For such 
a continued fraction properties CFl-CFS are true and one can transform it 
using the following equality: 
[UO; U, y...3 Ui, 03 Ui+] 3***3 u,] = [UO; U*y**.Y ui + Uj+ I>..*> U"]. (2) 
NEW RESULTS 
To determine the continued fraction for C,(u, u) we need a lemma. 
LEMMA. Let s > 1 be an integer and p,,/q, = [b, ; b, ,..., b,]. Then 
[b, ; b, ,..., b,, s - 1, 1, b, - 1, b,_,,..., b,] = sp,q, + C-1)” 
w:, * 
Proof. If b, > 1 we have 
Formally (3) also holds in the case b, = 1. 
Applying CF3, CF4, and (3) we find 
[lib,-Lb,-, ,..., b,]= qn 
qn-cL,’ 
On the other hand, we have 
[boib,,..., ,,, 
b s- l]=(‘- l)P,+Pn-l 
(s- lb?“+%-1 
(4) 
(5) 
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It follows from (3), (4), CFl and CF5 that 
[b,; 6, ,..., b,,s-l,l,b,-l,b,_,,...,b,] 
=P,G?,-q,,)+W l)P,+Pn-JCL 
9”(9, - qn-1) + ((s - 1) 9, + 4”-Al 
= sp,q, +4nPn-l- P,4,-I= sp,q, + (-1)” 
w5, wt, ’ 
and the lemma is proved. 
THEOREM. Let {ai}, with a, > 2 be an infinite sequence of positive 
integers, and d, = 1, di = f 1 for i > 2. Let Qi be defined by the recursion 
Q,= 1, Qi=ai-,Qf-, f or i > 2, where k > 2 is an integer. Finally let 
C,(a, u) be the above defined rational number. Then 
a. C,(a, 1) = [ 11, 
C&,2)= [l;a,- Ll], if d,=l 
= [O; 1, a, - 11, if d,=-1. 
b. Let C,(a, u)= [A,;A,,..., A,,] = pn/qn for u > 2 and his length be 
chosen odd or even according as d, + , = - 1 or d, + , = 1. Then 
C,(a,u+l)=[A,;A ,,..., A,,a,Qk,~2-l,An-,+lrA”-2 ,..., A,], 
$A,= 1 but a,QE-‘f 1, 
= [A, ; A, ,..., A,, + l,..., A,], ifa,Qk,-‘= 1, but A, # 1, 
= [A,;A, ,..., A,~*,A,-1,A,-,+2,A._z,...,A,], 
ifA, = a,Q”,-’ = 1, 
= [A,; A, )...) A,, a,Q”,-’ - 1, 1, A,, - l,..., A,], otherwise. 
Proof. Part a is easily verified by a short computation. Let us prove part 
b now. The length of a rational number can be either odd or even because of 
CF3, therefore the assumption of part b is not a restriction. 
Put s = a,Qt-’ > 1. Then it follows from the Lemma 
a = [A,,; AI,..., A,, a,Qt-’ - 1, l,A, - l,..., A,] 
C-1)” =:+7 =C,(a,u)+q. 
n sqn V” 
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On the other hand, we can write 
C,(u, u) = i diQ; ’ = P,/Q,, 
i=l 
with an integer P, > 1. One may justify (P,, aj) = 1 for j= l,..., u - 1 by a 
simple computation. From this follows immediately (P,, Q,) = 1 and so we 
have P,=p,, Q,=q,. 
Furthermore (-1)” = d,, 1 is true because of the assumption on the length 
of C,(u, u). Therefore 
a = C,(a, u) + d,, ,/a,Q”,-‘Q: = C&z, u) + d,, ,/a,Q”, = C&z, u + 1). 
This completes the verification of the last case. The other cases can be 
verfied applying (2). 
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